The purpose of this paper is to study the famous Pappus configuration of 9 lines and its dual arrangement. We show among others that by applying the Pappus Theorem to the dual arrangement we obtain the configuration corresponding to the initial data of beginning configuration. We consider also the Pappus arrangements with some additional incidences and we establish algebraic conditions paralleling with these incidences.
Introduction
The Pappus theorem, proved in the fourth century, is one of the first theorems in what is now known as projective geometry. Theorem 1.1 (Pappus Theorem). Let A 1 , A 2 , A 3 and B 1 , B 2 , B 3 be two triples of mutually distinct points lying on two distinct lines L A and L B . Then the intersection points of pairs of lines C 1 = L(A 2 , B 3 ) ∩ L(A 3 , B 2 ), C 2 = L(A 1 , B 3 ) ∩ L(A 3 , B 1 ) and C 3 = L(A 1 , B 2 ) ∩ L(A 2 , B 1 ) are collinear (see Figure 1 ).
Note that the labeling of points is taken so, that A i , B j , C k are collinear if and only, if i + j + k ≡ 0 (mod 3).
There are numerous proofs of Pappus Theorem (see [3] , p.11-38). The one best appealing to algebraic geometers is probably that based on the Cayley-Bacharach Theorem. We recall this theorem below in the formulation attributed to Chasles, see [1, Theorem CB3] . Theorem 1.2 (Chasles). Let Γ 1 , Γ 2 be plane cubic curves meeting in nine points P 1 , . . . , P 9 . If Γ is another cubic curve containing P 1 , . . . , P 8 then Γ contains also P 9 .
This statement is applied to prove Pappus Theorem in the following way. Let Γ 1 be the union of lines L(A 1 , B 3 ) ∪ L(A 2 , B 1 ) ∪ L(A 3 , B 2 ) and let Γ 2 be the union of lines L(A 1 , B 2 ) ∪ L(A 2 , B 3 ) ∪ L(A 3 , B 1 ). Then by construction
Let Γ be the union of lines L A , L B and L(C 1 , C 2 ). Theorem 1.2 implies that it must be C 3 ∈ Γ. This implies in turn that the points C 1 , C 2 , C 3 are collinear as asserted. We denote this extra line by L C .
The configurations of n points and n lines with k points per line and k lines through each point are called in combinatorics as (n k ) arrangements. The Pappus configuration is a (9 3 ) arrangement.
Consider the incidence matrix of the Pappus arrangement. The cross "+" in the row L and column X indicates that the line L contains the point X. There are exactly 3 of the distinguished points on each of the arrangement lines, and vice versa, each of distinguished points is contained in exactly 3 of the arrangement lines. Such an arrangement is called self-dual. Besides combinatorics, this name is justified by the following obvious observation.
For a point X ∈ P 2 , let X * denote the dual line in the dual projective space (P 2 ) V . Specifically, if X = (a : b : c) and the coordinates in (P 2 ) V are A, B, C, then
Similarly, if Ax + By + Cz = 0 is a line L ⊂ P 2 , then L * is the dual point in (P 2 ) V with coordinates L * = (A : B : C).
We have an immediate corollary.
Theorem 2.1. (dual Pappus statement) Keeping the notation from Theorem
Remark 2.2. It is well-known that there are combinatorially three distinct (9 3 ) arrangements. It was firstly shown by Kantor in [2] . One of them is being that of Pappus. As our focus is in geometry, we do not dwell on this aspect here.
Pappus lines
Passing to the dual arrangement, it is easy to see that there is certain ambiguity in deciding which dual lines play the role of apparently distinguishes, lines L A and L B . It turns out however that these lines are not special at all. We illustrate it with two examples.
Example 3.1. Consider the configuration of points as in Figure 1 but let now relabel the points C i by A i (see Figure 2 ).
Figure 2
Let as before
Then we obtain exactly the same picture as before, with changed names of lines L A and L C . It may come as a surprise that one can start with arbitrary two lines (not intersecting in an arrangement point), choosing the labeling of points carefully. Consider for example the following relabeling:
Thus the "old" line L(B 1 , A 3 ) becomes the "new" line L A and the "old" line L(A 2 , B 3 ) becomes the "new" line L B . Moreover we have:
where the lines are taken with respect to the "new" labeling. Thus the "new" line L C is the "old" line L(A 1 , B 2 ). The figure remains unchanged.
It is natural to wonder what happens, if we are not careful labeling the points. We consider this question in the original picture. Let σ = (a b c) be a permutation of the set {1, 2, 3}. By this notation we mean that σ assigns a to 1 and similarly b to 2 and c to 3. Consider the initial figure with labeling as in Figure 3 .
Thus the labeling in Figure 1 corresponds to σ = id.
Example 3.2. We consider now Figure 1 with the labeling on line L B changed by the permutation σ = (2 1 3). We obtain then a new Pappus line L C,σ (see Figure  4 ). Figure 4 If the initial data, i.e., the points A 1 , A 2 , A 3 , B 1 , B 2 , B 3 is sufficiently general, then there are six distinct Pappus lines indexed by permutations σ ∈ S 3 . The following fact is, probably, well-known but we were not able to trace it down in the literature.
Theorem 3.3. The dual points L * C,σ with σ ∈ S 3 lie by three on a pair of lines in (P 2 ) V . The Pappus lines determined by these six points correspond to new triples of
Proof. Our approach is algebraic and motivated by Tao's survey [4] . Without loss of generality we may assume that
Thus L A : z = 0 and L B : x − y = 0. For the remaining points we introduce parameters a, b ∈ C \ {0, 1}:
These assumptions are sufficient to determine all relevant lines L(A i , B j ) for i, j ∈ {1, 2, 3}:
Their intersection points are:
with σ ∈ S 3 . Let us notice that the permutations τ 2 = (2 1 3) and τ 3 = (3 1 2) generate the symmetric group S 3 . We have the following coordinates of points C k,σ for σ ∈ S 3 and k ∈ {1, 2, 3}:
Thus we have an arrangement of 9 lines L(A i , B j ) and altogether 24 points where they intersect. In six of these 24 points three arrangement lines meet (they are A 1 , A 2 , A 3 , B 1 , B 2 , B 3 ) and the remaining points C i,σ are intersection points of exactly two lines.
For any collection of n distinct lines in P 2 we have the following formula concerning the number of intersection points with their multiplicities
where t k is the number of points, where exactly k lines meet. By (1) we conclude that there does not occur any additional incidences between these 9 lines. But there are additional collinearities of points C 1,σ , C 2,σ , C 3,σ for all σ ∈ S 3 :
They determine six points L * C,σ in (P 2 ) V :
It is now easy to check that these points lie on two lines M 1 , M 2 :
The data in Figure 5 is exactly the initial data in the Pappus Theorem. This data determines six Pappus lines M C,σ with σ ∈ S 3 . Since all calculations are parallel to those presented in the first part of this proof we omit them and conclude establishing the coordinates of their dual points:
They lie on lines L A and L B as follows 
Additional incidences
In this section we study the question which initial data, i.e. points A 1 , A 2 , A 3 , B 1 , B 2 , B 3 lead to Pappus lines passing through the intersection point of the initial lines S = L A ∩ L B = (1 : 1 : 0) (as in Figure 6 ). In particular we show that this additional incidence may happen only for at most two lines among the six lines L C,σ with σ ∈ S 3 , under the assumption that all these six lines are mutually distinct.
Since on each of the initial lines L A and L B there are four distinguished points: the three arrangement points and the point S, we can compute their cross-ratio and this is the invariant we want now to bring in the game. Moreover, if the Pappus line L C passes through S, then one can naturally compute the cross-ratio of the four distinguished points on this line.
Let us firstly remind the how this invariant of projective transformations is computed and what basic properties it enjoys.
A convenient way to calculate the cross-ratio of four collinear points A, B, C, D ∈ P 2 is given by the determinantal formula Figure 6 where O is an arbitrary point in P 2 not on the line L(A, B) . Here [A, B, C] denotes the determinant of the 3×3 matrix, which consecutive columns are the homogeneous coordinates of points A, B and C respectively (see [3] , Lemma 4.6). The cross ratio depends on the order of involved points. In fact there are at most six distinct ratios for any quadruple of collinear points. If [A, B; C, D] = λ, then these six values are:
(for details see [3] , Chapter 4). If the value of the cross ratio of four collinear points belongs to the set −1, 1 2 , 2 we say that these points form a harmonic quadruple.
There is interesting relation between the value of cross ratio for quadruples of points {A 1 , A 2 , A 3 , S} and {B 1 , B 2 , B 3 , S} and the condition that a related Pappus line passes through the point S. Table 2 . Table 2 Evaluating the equality between each value of [B σ(1) , B σ(2) , B σ(3) , S] for σ ∈ S 3 with 1−a we obtain the same algebraic condition as checking if the S = (1 : 1 : 0) belongs to lines L C,σ , namely
which establishes the assertion.
Assuming that the line L C,σ passes through the point S we compute the cross ratio of points C 1,σ , C 2,σ , C 3,σ and S. It might come as odd, that the cross-ratio of points on the line L C,σ depends only on a, whereas their coordinates depend also on b, but in fact the dependence on b is encoded in conditions (3) .
Another natural question here is whether it is possible that more than one of the lines L C,σ passes through the point S. It turns out that it is indeed possible, only if points on the initial lines form a harmonic quadrangle. The more precise coupling between specific pairs of Pappus lines is presented in Corollary 4.3. b /a −1 Table 3 Note that there is certain regularity among the entries in Table 3 . Namely passing from the entry with L C,σ 1 ∩ L C,σ 2 to the right requires to multiply both index permutations σ 1 , σ 2 by τ 2 3 , so that the entry to the right is L C,σ 1 τ 2 3 ∩ L C,σ 2 τ 2 3 , whereas passing from the same entry downwards requires to multiply the first coordinate by τ 2 3 and the second by τ 3 , so that the entry below is
It is not possible that more than two of the lines L C,σ pass through the point S (assuming that all lines L C,σ are mutually distinct). This follows immediately from Corollary 4.3 but it can be seen also directly from conditions in (3) . Indeed, taking any three of equations there gives either a direct contradiction, or one gets the condition
for the parameter b. However, if (4) is satisfied, then 3 Pappus lines overlap and there are no 3 distinct lines passing through S. The overlapping triples of lines are either indexed by odd permutations L C,τ 2 , L C,τ 2 τ 3 , L C,τ 2 τ 2 3 or by the even ones L C,id , L C,τ 3 , L C,τ 2 3 depending on which root of equation (4) is taken for the value of b.
The super Pappus arrangement
Theorem 3.3 says that the points M * C,σ are contained in lines L A and L B but they differ typically from the initial points A i and B i for i = 1, 2, 3. A natural question here is whether it may happen that these sets points are equal. It turns out that there do exist values of a and b for which the returning points M * C,σ are exactly the initial points. When this happens, we speak of a super Pappus arrangement. Oddly, this is related to the problem of Pappus lines passing through the intersection point S = L A ∩ L B of the initial lines discussed in Section 4. This is made precise in the following statement. Proof. We will proof these equivalences by showing that each condition leads to the same values of the parameters a and b. Firstly we take a closer look at the condition i). By Theorem 3.3 it is enough to establish when the following sets coincide Table 2) , what ends the proof.
Our research shows that, even though the Pappus arrangement is known for ages, it is an inspiring source of ideas in the contemporary mathematics.
